A Non-Geometrodynamic Quantum Yang-Mills Theory of Gravity Based on the
  Homogeneous Lorentz Group by Borzou, Ahmad
Noname manuscript No.
(will be inserted by the editor)
A Non-Geometrodynamic Quantum Yang-Mills
Theory of Gravity Based on the Homogeneous
Lorentz Group
Ahmad Borzou
Received: date / Accepted: date
Abstract Non-geometrodynamic Yang-Mills approaches toward gauge theo-
ries of gravity are relatively new. They are appealing since they put gravity
on an equal footing with the weak, strong, and electromagnetic forces. In this
paper, we present a non-geometrodynamic quantum Yang-Mills theory of grav-
ity based on the homogeneous Lorentz group within the general framework of
the Poincare gauge theories. The obstacles of this treatment are that first,
on the one hand, the gauge group that is available for this purpose is non-
compact. On the other hand, Yang-Mills theories with non-compact groups
are rarely healthy, and only a few instances exist in the literature. Second, it
is not clear how the direct observations of space-time waves can be explained
when space-time has no dynamics. We show that the proposal is unitary and is
renormalizable to the one-loop perturbation. To emphasize the non-triviality
of the results, we also present a non-healthy Yang-Mills theory with the same
gauge group. Although in our proposal, gravity is not associated with any el-
ementary particle analogous to the graviton, classical helicity-two space-time
waves are explained. Five observationally essential exact solutions of the field
equations of our proposal are presented as well.
1 Introduction
In general, there are three categories of proposals to describe gravity as a
gauge theory. The first category started with the seminal work of Utiyama
[1], who used the gauge fields of the homogeneous Lorentz group to derive the
equations of general relativity (GR). Later Sciama [2] and Kibble [3] extended
this approach by introducing two possible independent fields which describe
the dynamics of a more general geometry than the pseudo-Riemannian of GR.
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2 Ahmad Borzou
Groups other than the Poincare are also investigated in this regard [4,5,6,7,
8]. The second category of proposals started after it was shown that there is a
correspondence between conformal field theories and anti-de Sitter spaces. The
focus of this approach is to find a correspondence between a field theory and
gravity [9,10,11,12]. Recently, a third category is proposed, which unlike the
first two, is a non-geometrodynamic approach where gravity is described by
a square of Yang-Mills theories on space-time just like the three forces of the
standard model of particle physics [13,14,15,16]. The characteristic feature of
this approach is to derive the space-time observable effects through dynamical
fields on space-time, which are distinct from space-time itself.
In this paper, we show that the framework of the first category also allows
for non-geometrodynamic Yang-Mills based approaches such that the space-
time observable quantities are explained by gravitational fields that live on
space-time but distinct from it. Poincare gauge theories (PGT) of gravity con-
sist of space-time and tangent spaces. In general, when torsion is not zero,
both of the spaces are dynamical. If torsion is set to zero right from the be-
ginning, we still have two conserved currents. Nevertheless, only one can have
dynamics. It is often assumed that space-time is the dynamical space in the
torsion-free cases, and the tangent spaces are regulated using the tetrad postu-
late together with the dynamics of space-time. In this paper, we alternatively
propose that in the torsion-free scenarios, the tangent space should be taken
dynamical, and space-time should be determined using the tetrad-postulate
together with the dynamics of the tangent-spaces. Therefore, in our scenario,
the observable effects of space-time are induced by a dynamical gravitational
field that lives on space-time but distinct from it. In quantum physics, an in-
dication that an observable has a quantum nature is that it satisfies a Poisson
commutation relation in the classical regime. Since in our approach, unlike
the geometrodynamic treatments, the space-time metric is not driven by such
Poisson bracket, we can assume that it has no quantum nature without vio-
lating the principle of quantum mechanics. As a result, space-time remains a
classical background even at the smallest distances.
However, we need to address a few challenges. First, unlike the other three
forces that act on a subset of particles, gravity is a universal force indicating
that only a few groups can be a candidate for the corresponding Yang-Mills
theory. These limited options are mostly non-compact. The internal metric
corresponding with such groups is not positive-definite, and the energies of
the corresponding elementary particles are not bound from below. If these
gauge fields represent physical particles, the theory is unacceptable. Second,
the observations are in favor of a metric theory of gravity where space-time
is curved by gravity. The recent direct observations of space-time fluctuations
endanger any non-metric theory of gravity. The question to be answered is
how the observed space-time waves can be explained if gravity is a dynamical
field on space-time but not the dynamics of space-time directly?
Although the conventional Yang-Mills theories with semi-simple compact
groups are shown to be renormalizable and unitary [17], the renormalizability
and unitarity of a general Yang-Mills theory is not for granted and should be
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studied for its particular formulation. Examples of healthy Yang-Mills theories
with non-compact groups are rare in the literature. Among others, one possi-
bility is to build an exotic but positive-definite internal metric [18]. Another
possibility is pointed out in the Chern-Simons gauge theory with complex
gauge group, where due to the general covariance the Hamiltonian remains
zero and is bound from below [19]. One other possibility that is the subject of
this paper is to utilize a group whose gauge field is not a tensor of the Lorentz
group of physical observers, and as a result, does not represent elementary par-
ticles with negative kinetic energies. If we conservatively restrict ourselves to
the kinematics of GR, i.e., the torsion-free PGT framework, the group whose
gauge field is not a tensor of physical observers, is the homogeneous Lorentz
group of the tangent spaces in which fermionic fields are defined.
One of the predictions of our scenario is that there exists no mass-less
elementary particle, that plays the role of the graviton in GR. The reason is
that the dynamical gauge field is not a tensor of physical observers and does not
represent a physical particle. While this prediction does not violate any of the
observations and is allowed, we still need to explain the observed space-time
waves [20] that travel with the speed of light. So far, to our knowledge, this
observation is solely explained through the existence of elementary particles.
For instance, in GR, the graviton is associated with the space-time waves.
In this paper, we present an alternative explanation. We show that even if
space-time does not have a dynamics of its own, the tetrad postulate can still
explain the observed space-time waves by coupling the dynamics of the non-
geometrical gauge field to the space-time through a non-holonomic constraint.
In this paper, we introduce Quantum Lorentz gauge theory of gravity
(QLGT), derive its Feynman rules in the path integral formalism, and cal-
culate the irreducible one-loop diagrams of the theory and show that all of the
infinities can be absorbed into its available parameters. Therefore, QLGT is
renormalizable to the first loop. We also demonstrate that QLGT is unitary.
To emphasize the non-triviality of the two, we also present an unacceptable
Yang-Mills theory based on the same gauge group that we used, i.e., homoge-
neous Lorentz group. We discuss the classical field equations of Lorentz gauge
theory of gravity (LGT) and show that a contraction of the field equations is
the same as the divergence of Einstein equations. Using a plane wave analy-
sis, we demonstrate that the dynamics of LGT in the tangent spaces induce
space-time waves. We show that even though in GR space-time has its own
dynamics and in LGT it does not, the physical modes of the space-time waves
are the same in both GR and LGT, and their helicity is two. Finally, we show
that the Kerr space-time, the Schwarzschild space-time in the vacuum, the
Schwarzschild space-time inside the stars, the De Sitter space-time, the early
universe space-time, and the space-time of the matter-dominated universe are
the solutions of LGT field equations to all orders of perturbations.
The structure of this paper is as follows. An overview of the general frame-
work of the Poincare gauge theories is presented in section 2. In the same
section, we provide an overview of the quantization of geometrodynamics ap-
proaches to gravity. We construct and quantize our non-geometrodynamic
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Yang-Mills theory of gravity in section 3. In the same section, we show that
the theory is unitary and is renormalizable to one-loop perturbation. We also
present an example of an unhealthy Yang-Mills theory based on the homoge-
neous Lorentz group. The classical field equations, a plane wave analysis, and
a few exact solutions of LGT are presented in section 4. A conclusion is drawn
in section 5.
2 An overview of the Poincare gauge theories of gravity in pseudo
Riemannian geometry
This section is a summary of the literature of PGT with an emphasis on the
aspects that are utilized later in the paper. For in-depth reviews, we refer the
reader to [21,22,23,24]. Since the four-dimensional general linear group has no
representation that transforms like a spinor under the Lorentz group, we have
to define the spinor fields in the tangent spaces on space-time [25]. A set of four
orthogonal vectors ei at every point of space-time defines the tangent spaces,
i.e., the Lorentz frames. Here and in the rest of the paper, the Latin indices
run from 0 to 3 and refer to the Lorentz frames. The orthonormality of the
tetrad indicates that the metric of the tangent spaces is always Minkowskian
ηij ≡ ei ·ej . The Latin indices are lowered and raised by this Minkowski metric.
The components of the tetrad in space-time coordinate system eiµ ≡ ei · eµ
define the space-time metric
gµν = η
ijeiµejν , (1)
where the Greek indices, referring to the coordinates, run from 0 to 3 and are
raised and lowered by this latter metric.
Spinor fields are the scalars of space-time but the spinors of the tangent
spaces
ψ˜(x) = exp
(g
2
Sijωij
)
ψ(x),
ψ′(x′) = ψ(x). (2)
Here we present a Lorentz transformation of the tetrad by a tilde and a co-
ordinate transformation by a prime. Moreover, g is a coupling constant, ωij
is an arbitrary anti-symmetric tensor, and Sij are the six generators of the
homogeneous Lorentz group in terms of the commutator of the Dirac matrices
Sij =
1
4
[
γi, γj
]
. (3)
The tetrad are the vectors of the tangent spaces but the scalars of space-
time
e˜i(x) = Λ
j
iej(x),
e′i(x
′) = ei(x), (4)
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where Λji represent the homogeneous Lorentz transformations in the vector
space. If the parameter ωij in Eq. 2 is very smaller than unity, this reads
Λji ' δji + ωji.
The photon, gluon, W, and Z particles are all vectors of coordinate system,
but the scalars of the tangent spaces
A˜µ(x) = Aµ(x),
A
′
µ(x
′) =
∂xν
∂x′µ
Aν(x), (5)
where the internal index of the fields is not shown.
If space-time is flat and the two types of transformations are not position-
dependent, the Dirac Lagrangian reads
LD = i
2
e µi ψ¯γ
i∂µψ − i
2
e µi ψ¯
←−
∂ µγ
iψ −mψ¯ψ. (6)
If the transformations are position-dependent, the partial derivatives should
be replaced by the covariant derivatives, such that the derivatives of the fields
transform as before. For spinor fields, the covariant derivatives read
Dµψ =
(
∂µ − 1
2
gAijµS
ijωij
)
ψ,
ψ¯
←−
Dµ = ψ¯
(←−
∂ µ +
1
2
gAijµS
ijωij
)
, (7)
where Aijµ is the gauge field of the homogeneous Lorentz group and is anti-
symmetric in the two Latin indices. It transforms as
A˜ijµ(x) = Λ
m
i Λ
n
j Amnµ(x) + ∂µΛ
l
i Λjl,
A
′
ijµ(x
′) =
∂xν
∂x′µ
Aijν(x). (8)
The first equation indicates that the Lorentz gauge field is not a tensor of
Lorentz group of observers and therefore posses no observer-independent prop-
erty like the spin and cannot represent an elementary particle.
To find the covarinat derivative of the Lorentz vectors, we use the product
rule to take the derivative of Bi ≡ ψ¯γiψ and use the following identity[
γi, Smn
]
= ηimγn − ηinγm. (9)
With a straightforward calculation, one can show that the covariant derivative
of a vector of the tangent spaces reads
DµB
i = ∂µB
i − gAijµBj . (10)
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So far, we have discussed the covariant derivatives of space-time scalars. If
a field transforms like a tensor under coordinate transformations, its covariant
derivative should contain space-time connections and reads
DµB
i1i2···α
j1j2···β = ∂µB
i1i2···α
j1j2···β
− gAi1kµBki2···αj1j2···β − gAi2kµBi1k···αj1j2···β − · · ·
− gA kj1 µBi1i2···αkj2···β − gA kj2 µBi1i2···αj1k···β − · · ·
+ ΓαµλB
i1i2···λ
j1j2···β − ΓλµβBi1i2···αj1k···λ , (11)
where Γ γµν is the space-time connection. Its form can be found by assuming
that
Dαgµν = ∇αgµν = 0. (12)
Here we defined ∇ to represent the space-time related component of the co-
variant derivative. The first equality is because the metric has no index of
the tangent space. Since we have imposed the torsion-free condition from the
beginning, the connection would be the Christoffel symbol defined as
Γ γµν ≡
1
2
gγλ (∂µgλν + ∂νgλµ − ∂λgµν) . (13)
The covariant derivative of the metric of the tangent space reads
Dµηij = ∂µηij − gA ki µηkj − gA kj µηik
= 0, (14)
which is zero since ∂µηij = 0, and the Lorentz gauge field is anti-symmetric in
the Latin indices.
We often impose an extra condition called the tetrad postulate that reads
Dµeiν = ∂µeiν − Γλµνeiλ − gA ki µekν
= 0. (15)
Note that we could have imposed this equation first and derive Eq. 12, but
not vice versa. This tetrad postulate is an assumption about the equivalence
of the coordinate and Lorentz frames and is imposed solely due to our physical
intuition but not for mathematical consistency. Since the Christoffel symbols
can be written entirely in terms of the metric, which itself is given in terms of
the tetrad, the Lorentz gauge field and the tetrad were the two independent
fields before imposing this condition.
The strength tensor Fµνij is defined as
[Dµ, Dν ]ψ =
g
2
FµνijS
ijψ, (16)
and is given by
Fµνij = ∂νAijµ − ∂µAijν − gA ki νAkjµ + gA ki µAkjν .
(17)
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When expressed entirely using the coordinate indices, this is the Riemann
curvature tensor
Rµναβ = e
i
αe
j
βFµνij . (18)
Unlike in Yang-Mills theories, where the symmetry is uniquely associated
with a single Lagrangian, in PGT, the symmetry allows more than one term.
The most general form can be found in [26]
LA = −1
4
(
c1Fµνije
iµejν + c2FµνijF
µσikejνekσ
+ c3FσνmjFµαine
jνeiµemσenα
+ c4FµνijF
αβmneiµejβemαe
ν
n
+ c5FµνijF
µνij
)
. (19)
If we had not imposed the torsion-free condition right from the beginning,
the tetrad and the connection were still independent. Therefore, to find the
field equations, we needed to vary the action with respect to both of them
[26]. This is not the case anymore due to the torsion-free assumption and the
tetrad postulate. Instead, the field equations should be derived by varying
the action with respect to either the tetrad or the Lorentz gauge field. Since
the tetrad postulate is a non-holonomic constraint, the results of the variation
may depend on the variation path, which is physically unacceptable. This roots
back to the fact that the non-holonomic constraint can be violated along an
arbitrary displaced path (variation of the variables) [27,28,29].
The issue with the non-holonomic constraints can be resolved if the dis-
placement paths in Hamilton’s principle are restricted to those along which
the constraint is not violated. To find such paths, we note that Dµeiν = 0 as
the non-holonomic constraint is preserved under both coordinate and Lorentz
frame transformations. Therefore, if we restrict the displacement paths to the
ones generated by such transformations, the non-holonomic constraint will not
be violated.
The possible classes of displacement paths are
1. option one: generated by coordinate transformations and leads to GR ,
2. option two: generated by homogeneous Lorentz transformation of the tetrad
frames and leads to LGT [30,31].
A more physically intuitive reason for the two options above is that while
the torsion-free condition is imposed from the beginning, the framework still
has two symmetries and, therefore, two independent conserved currents. In
principle, each current can be used to generate a dynamic field. Since two de-
pendent variables cannot have two independent sets of dynamical field equa-
tions, we have to choose one of the sources to drive the dynamics of the frame-
work.
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2.1 An overview of quantization of GR
In the last part of this section, we would like to review the quantization of
option 1 above. GR is uniquely the simplest theory of a massless spin two
elementary particle [32,33,34,35,36] where only c1 is kept non-zero in Eq. 19.
For the quantization purposes, it is easier to decompose the Lagrangian as in
[37]
SGR =
∫
LGRdtd3x,
LGR =
(
R(3) +KabK
ab −KaaKbb
)
N
√
g(3), (20)
where R(3) refers to the three-dimensional curvature, Kab is the extrinsic cur-
vature, g(3) is the determinant of g
(3)
ab , and the rest of the parameters are
defined in the following decomposition of the space-time metric
ds2 = − (Ndt)2 + g(3)ab (dxa +Nadt)
(
dxb +N bdt
)
. (21)
The dynamical variables are N , Na, and g
(3)
ab . The corresponding canonical
momenta are
pi =
∂LGR
∂N˙
, pia =
∂LGR
∂N˙a
, piab =
∂LGR
∂g˙
(3)
ab
. (22)
The first two momenta are zero and define the constraints of GR. This is
similar to the case of electrodynamics, where the canonical momentum of the
temporal component of the vector potential is zero. The following Poisson
bracket drives the dynamics of GR [38]{
g
(3)
ab (x) , pi
ij (y)
}
=
1
2
(
δiaδ
j
b + δ
i
bδ
j
a
)
δ3 (x− y) . (23)
To quantize the theory, we replace the dynamical variables by the corre-
sponding quantum operators and the Poisson bracket by the canonical com-
mutation relation. In the presence of the constraints mentioned above, such
canonical quantization is cumbersome but informative and can be found in
[39]. With the developments in the standard model of particle physics, and
especially after the works of Feynman [40], Faddeev and Popov [41], Man-
delstam [42], and DeWitt [43], the path integral formalism, also called the
manifestly covariant method, became the standard method of carrying out
this quantization.
In the path integral quantization, the four dimensional space-time met-
ric as the dynamical field, is first expanded around a background, which for
simplicity we take to be flat,
gµν = ηµν + fµν , (24)
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where η is the Minkowski metric. The Lagrangian of GR is rewritten in terms
of fµν and the generating functional reads
Z [tµν ] =
∫
Dfµν exp
(
i
∫
d4x [LGR + fµνtµν ]
)
. (25)
Due to the diffeomorphism invariance of the theory, we also need to fix the
gauge. A common choice is to use the harmonic coordinates where
Cν ≡ ∂µfµν − 1
2
∂νf
µ
µ = 0. (26)
Therefore, the generating functional receives a corresponding gauge fixing and
a Faddeev-Popov ghost Lagrangian
LGR → Leffective ≡ LGR + LGF + LFP. (27)
The Feynman rules are subsequently read from the effective Lagrangian. These
sets of rules can then be used to calculate the Feynman diagrams that con-
tain loops. Some of the loop diagrams are divergent, as in other field theories.
However, in [44,45], the authors have shown that the infinities cannot be re-
moved by adding counterterms that have the same form as in the effective
Lagrangian. Therefore, GR is a non-renormalizable theory with no falsifiable
prediction for high energies. Such ultraviolet divergencies are expected in any
theory like GR, whose coupling constant has a negative dimension in the mass
units [46].
Even if GR was a renormalizable field theory, we still did not have a consis-
tent quantum theory of gravity. Because, in such quantum gravity, on the one
hand, time is a classical background, and on the other hand, it is a quantum
operator. The problem of time in quantum geometrodynamics is extensively
studied but is still open. A review of the subject can be found in [38,47,
48]. Moreover, unlike particle physics’ standard model, GR is driven by the
absolute value of energies, instead of their differences. This has led to the
cosmological constant problem [49].
In the end, we refer the reader to [50,51,52,53], and the references therein,
for an overview of the quantum aspects of the broader Poincare gauge theories.
3 Quantum LGT as a non-geometrodynamic approach to quantum
gravity
In the framework of option 1, the Poisson bracket in Eq. 23 implies that the
metric and its conjugate momenta are classically non-commutative. Therefore,
our understanding of quantum mechanics indicates that a quantum operator
at microscopic scales should replace the metric. This means that the tetrad
has quantum fluctuations and can be written as
eiµ = 〈e〉iµ + equantumiµ . (28)
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In the framework of option 2, however, it is the Lorentz gauge field and
not the tetrad that is classically non-commutative. Therefore, at the quantum
level, it is the Lorentz gauge field and not the tetrad that should be replaced
by a quantum operator. We now make two further postulates in order to build
a self-consistent quantum theory of gravity. First, the tetrad has no quantum
fluctuation even at the smallest length scales possible
eiµ = 〈e〉iµ. (29)
Second, the tetrad postulate is valid only at the classical level
Dµeiν 6= 0, (30)
〈Dµeiν〉 = ∂µeiν − Γλµνeiλ − g〈A ki µ〉ekν = 0. (31)
We would like to mention that an assumption similar to our first postulate
is the basis of the so-called quantum field theory on curved space-time. The
difference is that in geometrodynamic theories, this assumption is valid only
under specific semi-classical regimes but contradictory at the fundamental level
due to the Poisson bracket in Eq. 23. In our non-geomerodynamics approach,
the assumption can remain valid even at the fundamental level. This postulate
alleviates the so-called problem of time because the time in our quantum
theory of gravity has the same background nature as in quantum physics.
The reason for the second postulate is that both the metric and the connec-
tion of space-time remain classical fields even at the quantum level due to the
first postulate together with Eqs. 1, and 13. On the other hand, Lorentz gauge
field of the tangent spaces is fundamentally a quantum operator. Therefore, at
the quantum level, the classical Christoffel symbols Γαµν cannot be equivalent
to the quantized Lorentz gauge field Aijµ and the tetrad postulate cannot be
valid.
In the Yang-Mills gauge theories based on the unitary groups, there is a
unique possibility to form an invariant Lagrangian from a pair of strength
tensors. The reason is that their group index is distinct from the space-time
index. Space-time indices are coupled by the space-time metric while the group
indices are coupled using δ ≡ Tr(t ·t) with t being the generators of the group.
The covariant derivative of both the space-time metric and the internal metric
δ are zero.
In LGT, in general, the Lagrangian is given in Eq. 19 which have four
independent invariant terms because, in addition to the metric of space-time
and the six-dimensional internal metric Tr
(
Sij · Smn), there exist the tetrad
that can couple the gauge and space-time indices. However, at the quantum
level, the covariant derivatives of the two metrics is zero, due to how the
Christoffel symbol and the Lorentz gauge field are defined. But, the covariant
derivative of the tetrad is not zero according to Eq. 30. This provides a means
of distinction between the terms.
Therefore, to construct a Yang-Mills theory similar to those in the standard
model of particle physics, we only allow those Lagrangian terms in which the
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strength tensors are coupled by objects whose covariant derivatives are zero.
LGT is formally defined by
LA = 1
4
FµνijF
µν
mnTr
(
Sij · Smn)
=
1
4
FµνijF
µνij , (32)
where in the last line we have used the six-dimensional internal metric of the
homogeneous Lorentz group
δij,mn ≡ Tr (Sij · Smn) = 1
2
(
ηimηjn − ηinηjm) . (33)
In the Yang-Mills theories of the standard model, the sign of the Lagrangian
is the opposite of what we introduced above and is to preserve the unitarity.
Later in the paper, we discuss that since the Lorentz gauge field is not a ten-
sor of Lorentz group of physical observers and consequently cannot represent
physical particles, the unitarity is preserved regardless of the sign in Eq. 32.
Also, we will discuss that the definition is such that the classical field equations
are in more agreement with GR.
3.1 Path integral quantization of LGT
Due to the gauge invariance of QLGT, the path integral method is the most
suitable approach to quantize it. To avoid taking multiple equivalent paths,
we need to introduce the gauge fixing and subsequently, the Faddeev-Popov
ghost terms. The total Lagrangian of QLGT reads
Ltotal = i
2
e µi ψ¯γ
iDµψ − i
2
e µi ψ¯
←−
Dµγ
iψ −mψ¯ψ
+
1
4
FµνijF
µνij +
1
2
ξ (∂µAijµ)
2 − c¯ij∂µ (Dµcij) , (34)
where ξ is an arbitrary parameter, and cij with anti-symmetric indices repre-
sent the Faddeev-Popov ghosts. The generating functional, therefore, reads
Z =
∫
DA Dψ¯ Dψ Dc¯ Dc exp
(
i
∫
ed4xLtotal
)
,
(35)
where e is the determinant of the tetrad. One crucial difference between this
functional and the one in GR is that the path integration on the tetrad is
absent since it is a background field at the fundamental level. In quantum field
theory on curved space-time also Deiµ is absent. Nevertheless, that is only an
approximation that is valid for particular situations and is contradictory at
the fundamental level.
In this section, we only quantize in a flat space-time where gµν = ηµν .
This means that e = 1 and the Christoffel symbols are zero. Moreover, Eq. 31
indicates that 〈A〉ijµ = 0 just like the gauge fields of the standard model in a
flat space-time.
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3.1.1 Propagators
The inverse propagator of the Lorentz gauge field in the momentum space
reads
(
PA(k)−1
)ijµ,mnν
=
δ2Ltotal
δAijµ(k)δAmnν(k)
∣∣∣
A=ψ=c=0
, (36)
where PA stands for the propagator for field Aijµ. We use the FeynCalc pack-
age [54,55] to take the two functional derivatives, and have made the scripts
available online [56]. The propagator reads
PA(k)ijµ,mnν = iδij,mn
(
ηµν
k2
− (1− ξ)kµkν
k4
)
. (37)
The propagator for the Faddeev-Popov ghosts can be found via the same
procedure
Pc(p)ij,mn =
iδij,mn
p2
. (38)
The fermion propagator is also known to be
PF(p) = i
p · γ +m
p2 −m2 . (39)
3.1.2 Vertices
The interactions in QLGT can be found via higher-order Functional deriva-
tives. Due to their somewhat lengthy nature, we calculate them with the Feyn-
Calc package again and make them available in [56].
The interaction with fermions read
VAFFijµ ≡ iδ
3Ltotal
δψ¯δAijµδψ
∣∣∣
A=ψ=c=0
=
. (40)
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The naming VAFF stands for the vertex of a gauge field and two fermions.
The interaction of the Faddeev-Popov ghosts with the gauge field is
VAcc¯(p)a1b1,a2b2µ2,a3b3 ≡
iδ3Ltotal
δc¯(p)a1b1δAa2b2µ2δca3b3
∣∣∣
A=ψ=c=0
=
,
(41)
The following is the gauge field interaction of order g
V3A(k1, k2, k3)
i1j1µ1,i2j2µ2,i3j3µ3 ≡
iδ3Ltotal
δAi1j1µ1(k1)δAi2j2µ2(k2)δAi3j3µ3(k3)
∣∣∣
A=ψ=c=0
=
.
(42)
Finally, gauge field interaction of order g2 is equal to
V4Ai1j1µ1,i2j2µ2,i3j3µ3,i4j4µ4 ≡
iδ4Ltotal
δAi1j1µ1δAi2j2µ2δAi3j3µ3δAi4j4µ4
∣∣∣
A=ψ=c=0
=
.
(43)
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3.1.3 External lines
The total Lagrangian in flat space-time is a function of the Faddeev-Popov
ghosts, the fermions, and the Lorentz gauge field. The Faddeev-Popov ghosts
have wrong statistics and cannot represent physical particles. Therefore, they
do not receive an external line in the Feynman diagrams. Also, following the
convention, we show incoming and outgoing fermions with uσ(p) and u¯σ(p)
respectively, while incoming and outgoing anti-fermions with v¯σ(p) and vσ(p),
where σ refers to the two spin modes.
To discuss the external lines for the Lorentz gauge field, we note that if the
arbitrary parameter of the Lorentz transformation of physical observers ωij is
much smaller than unity, Eq. 8 implies that the Lorentz gauge field transforms
as
A˜ijµ(x) = Aijµ(x) +Dµωij , (44)
which has an identical form as the transformation of the gauge fields in the
standard model under a special unitary gauge transformation with parameter
αa
A`aµ(x) = A
a
µ(x) +Dµα
a. (45)
However, despite the similarity, there is a crucial difference. Under a Lorentz
transformation of physical observers, Λij ' δij + ωij , the gauge field of the
unitary group has an invariant length equal to(
AaµA
aµ + 2Dµα
aAaµ +Dµα
aDµαa
) 1
2 , (46)
which is independent of ωij . This means that two independent experiments
observe the same length for A`aµ. On the other hand, the length of A˜ijµ is equal
to (
AijµA
ijµ + 2DµωijA
ijµ +DµωijD
µωij
) 1
2 , (47)
which depends on the parameter of the Lorentz transformation of physical
observers. Therefore, the Lorentz gauge field is observer-dependent, does not
have an invariant length and, consequently, cannot represent physical particles.
Therefore, it receives no external line in the Feynman diagrams of QLGT. Later
in this paper, we discuss that the Lorentz gauge field induces classical helicity
two space-time fluctuations, which are observable fields.
3.2 The unitarity of QLGT
Since the homogeneous Lorentz group is not compact, δij,mn in Eq. 33 is not
positive definite. Instead, three of its six independent components are nega-
tive, which implies that the corresponding gauge fields have negative kinetic
energies and are ghosts. Nevertheless, in this section, we will show that, since
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the Lorentz gauge fields do not represent physically observable particles, the
unitarity will not be violated.
To preserve probability in a quantum field theory, the S matrix has to be
unitary. This means that
2Im (T ) = TT †, (48)
where T ≡ −i(S− 1). If |φ〉 is a state of the system, the equation implies that
2Im〈φ|T |φ〉 =
∑
k
〈φ|T |k〉〈k|T †|φ〉, (49)
where |k〉 refers to the physically observable modes of the fields and∑k |k〉〈k| =
1. In the gauge theories of the standard model, only fermions and the trans-
verse component of the gauge fields contribute to the |k〉 states while the
non-physical longitudinal components of the gauge fields and Faddeev-Popov
ghosts are excluded.
In QLGT, the Lorentz gauge field cannot represent a physical mode and
should be excluded entirely from the states of |k〉. Therefore, the only physical
states are the fermions, and consequently, Eq. 49 is non-trivial only if 1 =∑
k |k〉〈k| is intervening internal fermionic lines of Feynman diagrams. We
now prove the unitarity for a rather general Feynman diagram of the form
, (50)
where the question marks can be any multi-loop diagram and in the following
will be presented by M1ijµ . The amplitude for diagram above reads
iM = −
∫
d4q
(2pi)4
M1i1j1µ1M∗1i2j2µ2Tr
(
/q +m
q2 −m2 + i
VAFFi1j1µ1
/q − /k +m
(q − k)2 −m2 + iVAFF
i2j2µ2
)
. (51)
We now use the Cutkosky rules to derive the imaginary part of this amplitude
2Im (M) = −
∫
d4q
(2pi)4
M1i1j1µ1M1i2j2µ2 ×
(−2pi)2Θ (q0)Θ (q0 − k0)×
δ
(
q2 −m2) δ ((q − k)2 −m2)
Tr
(
(/q +m)VAFF
i1j1µ1(/q − /k +m)VAFFi2j2µ2
)
.
(52)
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On the other hand, the right hand side of Eq. 49 is equal to∫
d3q1
(2pi)32Eq1
∫
d3q2
(2pi)32Eq2
(2pi)
4
δ4(k − q1 − q2)∑
spin
|Mhalf|2, (53)
where the half amplitude is equal to
Mhalf =M1i2j2µ2 v¯σ2(q2)VAFFi1j1µ1uσ1(q1)
= . (54)
We now use the spin method to convert the spin sum of the half amplitudes
into a trace ∑
spin
|Mhalf|2 =M1i1j1µ1M∗1i2j2µ2 ×
Tr
(
( /q1 +m)VAFF
i1j1µ1( /q2 −m)VAFFi2j2µ2
)
, (55)
and use ∫
d3q
2Eq
=
∫
d4qΘ(q0)δ(q2 −m2), (56)
to show that Eq. 53 is equal to 2Im (M) and, therefore, unitarity is preserved.
3.3 One-loop renormalization of QLGT
In this section, we would like to show that all of the one-loop infinities of QLGT
can be absorbed in its available parameters, and the theory is renormalizable
to that order. We use the FeynCalc package to carry out the calculations within
the Passarino-Veltman scheme [57] and make the scripts available in [56]. For
the calculations, we follow the instructions for the one-loop calculations of
QED using the same computational package in [58].
3.3.1 Fermion self-energy
The correction to the fermion propagator is through the following diagram
= −iΣ(p) =
∫
d4k
(2pi)4
iδij,mnηµν
k2
VAFFijµ
i(/p+ /k +m)
(p+ k)2 −m2 VAFF
mnν . (57)
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To reduce the computational load, we rewrite the vertex in the following form
VAFFijµ =
−ig
4
kijµγkγ
5, (58)
and use the following identity
δij,mnηµν
k1ijµk2mnν = −6ηk1k2 , (59)
where kijµ is the Levi-Civita symbol. The loop reads
−iΣ(p) = iA+ iB/p, (60)
where the two infinite parameters are
A =
3g2m
64pi2
(
1− 2B0(p2, 0,m2)
)
,
B =
3g2
128pi2
(
1 +B0(0, 0,m
2)− 2B0(m2, 0,m2)
)
. (61)
Here and in the rest of the paper, A0(· · · ), B0(· · · ) and C0(· · · ) are the
Passarino-Veltman functions.
To see the corrections to the mass and the spinor field, we note that the
exact fermion propagator is equal to
PF(t) = PF + PF (−iΣ) PF
+PF (−iΣ) PF (−iΣ) PF + · · ·
= PF
(
1 + (−iΣ) PF(t)
)
. (62)
Therefore, the inverse of the propagators satisfy the following equation
PF−1(t) = PF
−1 + iΣ
= −i (/p−m)+ iΣ. (63)
To absorb the two infinities of Σ, we define the renormalized parameters as
ψr ≡ 1√
Zψ
ψ,
mr ≡ 1
Zm
m, (64)
where Zψ/m ≡ 1+δψ/m. Since the fermion propagator is by definition 〈0|ψψ¯|0〉,
the renormalization is equivalent to PF→ Z−1ψ PF, and Eq. 63 reads
PF−1(t) = −i
(
/p (1 + δψ −B)−mr − (δm + δψ)mr −A
)
.
(65)
To remove the infinities, we now define
δψ = Div(B),
δψ + δm = − 1
mr
Div(A), (66)
where Div stands for the divergent component of the expression.
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3.3.2 Vacuum polarization
The corrections to the Lorentz gauge field propagator are through four loop di-
agrams that are calculated below. Whenever applicable, we use the Feynman’t
Hooft gauge of ξ = 1.
The first diagram to consider is the correction by a fermionic loop
≡ iΠijµ,mnν1 =
∫
d4p
(2pi)4
Tr
(
VAFFijµ · (/p+ /k +m) ·VAFFmnν · (/p+m)
)
(
(p+ k)2 −m2)(p2 −m2)
=
ig2
192pi2
B0
(
0,m2,m2
) (
6m2ηk1k2 + kk1kk2
)
k1ijµk2mnν ,
(67)
where we have given a fictitious mass λ to the gauge field and used
lim
λ2→0
B0
(
λ2,m2,m2
)−B0 (0,m2,m2)
λ2
=
1
6m2
. (68)
The second diagram is the correction by two first order gauge field vertices
≡ iΠijµ,mnν2 =
∫
d4p
(2pi)4
V3Aijµ,i1j1µ1,i2j2µ2(k, p,−p− k)PAi1j1µ1,m1n1ν1(p)
V3Am1n1ν1,m2n2ν2,mnν(−p, p+ k,−k)
PAm2n2ν2,i2j2µ2(p+ k)
=
4ig2
9pi2
kµkνδij,mn, (69)
which is finite and needs no counter term. Note that this is a modification to
the longitudinal component of the Lorentz gauge field. In the gauge theories
based on the unitary groups, the correction is always to the transverse com-
ponent, and the longitudinal ghost component remains suppressed. In QLGT,
however, the gauge field is not a tensor, as was discussed above. Hence, neither
the longitudinal nor the transverse components represent an observable par-
ticle. Therefore, the correction to the longitudinal component of the Lorentz
gauge field does not have adversarial effects.
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The third correction is from the second order vertex of the Lorentz gauge
field
≡ iΠijµ,mnν3 ∝
∫
d4p
(2pi)4
1
p2
= ipi2A0(0) = 0. (70)
The loop is zero because the V4A vertex is momentum independent and can
be taken out of the integral.
Finally, the last correction is from the ghost vertices
≡ iΠijµ,mnν4 = −
∫
d4p
(2pi)4
VAcc¯a2b2,ijµ,a1b1(p+ k)Pc(p)a1b1,a3b3
VAcc¯a3b3,mnν,a4b4(p)Pca4b4,a2b2(p+ k)
=
−ig2
72pi2
kµkνδij,mn, (71)
which is finite, and as expected, has the same form as in iΠijµ,mnν2 .
Out of the four corrections to the propagator of the Lorentz gauge field,
only the fermionic loop contains infinities. To find the counterterms, we note
that the only external lines in QLGT are fermions and the only possible Feyn-
man diagrams have the following form
=
χe1χe2e1a1b1σ1e2a2b2σ2
(
PAa1b1σ1,a2b2σ2 +
PAa1b1σ1,ijµ · iΠijµ,mnν · PAmnν,a2b2σ2 +O(g4)
)
, (72)
where χe1 ≡ −ig4 ϕ¯γe1γ5ϕ, and ϕ stands for any of the spinors. If we use
 abσe1 e2abσ = −6ηe1e2 , and  abij mnab = −4δij,mn, expression above reads
−6iχe1χe2
(
ηe1e2
k2
+
6g2
192pi2k4
B0
(
0,m2,m2
) ·
(
6m2ηe1e2 + ke1ke2
)
+ g2 · finite +O(g4)
)
. (73)
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We define the renormalized parameter as
Arijµ ≡
1√
ZA
Aijµ,
ξr ≡ 1
Zξ
ξ, (74)
where ZA/ξ ≡ 1 + δA/ξ. Subsequently, the propagator of the gauge field takes
the following form
PA(k)ijµ,mnν =
iδij,mn
k2
(
(1 + δA)
(
ηµν − kµkν
k2
)
+ (1 + δξ + δA) ξ
kµkν
k2
)
. (75)
Since δA and δξ are of order g
2, only the first term in the parentheses in
Eq. 72 receives a correction from them while the correction to the rest of the
terms are of the order of g4 or higher and can be neglected. A straightforward
calculation shows that the infinities can be removed if we choose
δA +
1
3
δξ = − 3g
2m2
16pi2k2
Div
(
B0(0,m
2,m2)
)
,
δξ =
3g2
32pi2
Div
(
B0(0,m
2,m2)
)
. (76)
We would like to emphasize that in Eq. 67, we showed that the corrections
to the vacuum polarization has a form different than the one in the tree level.
This is unlike any of the Yang-Mills theories of the standard model. The reason
we could absorb this infinite correction by the available parameters of the
theory was that the gauge field did not have an external line and the only
possible Feynman diagram of the theory was given in Eq. 72 and the fortunate
fact that the contraction of two Levi-Civita symbols is proportional to the six-
dimensional internal metric of the homogeneous Lorentz group.
3.3.3 Ghost self-energy
The ghost propagator receives a corrections from the following loop
= −iΣij,mn =
∫
d4k
(2pi)4
PAk1l1σ1,k2l2σ2(k)VAcc¯
a1b1,k1l1σ1,ij(p+ k)
Pc(p)a1b1,a2b2(p+ k)VAcc¯
mn,k2l2σ2,a2b2(p)
= − ig
2m2
16pi2
δij,mn
(
1−B0(m2, 0, 0)) . (77)
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The correction to the inverse of the ghost propagator can be found in the same
way as for the fermion self-energy above and reads
Pc(p)−1(t)ij,mn = −ip2δij,mn + iΣij,mn (78)
Since the ghost field has no mass, we only define one renormalized param-
eter as
crij ≡ 1√
Zc
cij , (79)
where Zc ≡ 1 + δc. To remove the infinity we further assume that
δc ≡ − g
2
16pi2
Div
(
B0(m2, 0, 0)
)
. (80)
3.3.4 Fermion vertex renormalization
The correction to the fermion vertex is from the following two diagrams
= Γ abσ1
=
∫
d4k
(2pi)4
VAFFijµ · PF(p2 − k) ·VAFFabσ
·PF(p1 − k) ·VAFFmnνPA(k)ijµ,mnν
= Akabσqkγ
5 +Bkabσγkγ
5, (81)
where q ≡ p1 − p2, and
A = − 3g
3m
128pi2
C0
(
m2,m2, q2,m2, 0,m2
)
,
B =
3g3
512pi2
(
− 3B0
(
q2,m2,m2
)
+ 4B0
(
m2, 0,m2
)
+
(
6m2 − 2q2)C0 (m2,m2, q2,m2, 0,m2)− 1). (82)
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= Γ abσ2
=
∫
d4k
(2pi)4
VAFFijµ · PF(k) ·VAFFmnν
PAijµ,i1j1µ1(p2 − k)PAmnν,m1n1ν1(p1 − k)
V3Am1n1ν1,abσ,i1j1µ1(p1 − k, p2 − p1, k − p2)
= finite. (83)
The expression for the second diagram is finite but rather lengthy and can
be found in the online repository in [56]. Also, to reduce the computation load,
we have used the simplifications that were described in Sec. 3.3.1 as well as
γ5 ·γ5 = 1, and γ5 ·γk = −γk ·γ5. Since C0 is finite, only B in the first diagram
contains infinities. Therefore, the divergent correction to the fermion vertex
reads
Div
(
Γ abσ
)
= Div (B) labσγlγ
5
= 4ig−1Div (B) VAFFabσ, (84)
and is proportional to the bare vertex. Hence, we can remove it by renormal-
izing the coupling constant
gr ≡ 1
Zg
g, (85)
with Zg ≡ 1 + δg, and choosing δg such that(
4ig−1Div (B) + δg
)
VAFFabσ = 0. (86)
3.3.5 The rest of infinities
By now, we have used all of the possible parameters of QLGT to remove the
infinities. On the other hand, the other three vertices in Sec. 3.1.2 also receive
infinite corrections from the relevant loops. In this section, we would like to
show that the gauge symmetry of QLGT implies three restrictions on the
coefficients of the terms in the Lagrangian that removes the rest of infinities
by the choices that we have made so far for the renormalized parameters.
Title Suppressed Due to Excessive Length 23
Inserting all of the renormalized parameters, the total Lagrangian reads
Lrtotal =
i
2
Zψe
µ
i ψ¯
rγi∂µψ
r − i
2
Zψe
µ
i ψ¯
r←−∂ µγiψr
− ZmZψmψ¯rψr − ig
4
ZgZψZ
1
2
AAijµ
lijµψ¯γlγ
5ψ
+ ZALA2 + ZgZ
3
2
AgLA3 + Z2gZ2Ag2LA4
− Zcc¯ij∂µ (∂µcij)
+ ZcZgZ
1
2
Agc¯
ij∂µ
(
A ki µckj +A
k
j µcik
)
, (87)
where LAn is the part of the gauge field Lagrangian containing n fields. From
this renormalized Lagrangian, we can derive the corrections to the three ver-
tices that were not directly discussed.
To validate these corrections, we write the total renormalized Lagrangian
with unknown coefficients
Lrtotal =
i
2
Z1e
µ
i ψ¯γ
i∂µψ − i
2
Z1e
µ
i ψ¯
←−
∂ µγ
iψ
− Z2mψ¯ψ − ig
4
Z3Aijµ
lijµψ¯γlγ
5ψ
+ Z4LA2 + gZ5LA3 + g2Z6LA4
− Z7c¯ij∂µ (∂µcij)
+ gZ8c¯
ij∂µ
(
A ki µckj +A
k
j µcik
)
. (88)
We note that the renormalized theory has to be invariant under the homoge-
neous Lorentz transformations. This means that the following three equations
should be satisfied
Z3
Z1
=
Z5
Z4
=
Z8
Z7
=
√
Z6
Z4
. (89)
By comparison with Eq. 87, we can see that our choices for the infinities meet
the enforced conditions.
3.4 Example of an unhealthy Yang-Mills theory based on homogeneous
Lorentz group
Before ending this section, we would like to demonstrate an unhealthy Yang-
Mills theory with the same gauge group as in our scenario in order to emphasize
the non-triviality of the results of this section.
The construction starts by assuming that a multiplet of four fermion fields
transform as follows
Ψ ≡

ψ1
ψ2
ψ3
ψ4
→ exp(g22 SABΩAB)Ψ, (90)
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where S and Ω refer to the the six generators of the homogeneous Lorentz
group and its arbitrary parameters respectively. The capital indices are to dis-
tinguish between this group and the homogeneous Lorentz group of physical
frames on the tangent space. Note that each of the fermions in Ψ still trans-
forms as in Eq. 2 as well. Therefore, the model has two homogeneous Lorentz
symmetries. If we localize Ω and construct the corresponding Yang-Mills the-
ory, the strength tensor FµνAB will be defined as in Eq. 17. If we are solely
interested in non-exotic Yang-Mills models, the Lagrangian also takes the form
of Eq. 32.
The sole difference between this Yang-Mills model and our Yang-Mills the-
ory is that Ω is independent of the physical frames and A
ABµ refer to six
tensors of the Lorentz group of physical observers and as a result represents
six elementary particles; three of which are ghosts whose energies are not
bound from below. Therefore, the model is not healthy.
4 The classical LGT
In this section, we discuss that since the classical tetrad postulate in Eq. 31 is
a non-holonomic constraint, its implementation is not trivial. Next, we present
the field equations of LGT as well as a plane wave analysis. Some exact solu-
tions of LGT are enumerated in the end.
Hamilton’s principle is a prevalent method to derive the field equations
from the action integral. In the presence of holonomic constraints, one can
use the Lagrange multiplier method to add a zero term to the action and
use Hamilton’s principle again. However, in the presence of non-holonomic
constraints, Hamilton’s principle is not applicable in general, because the con-
straint can be violated along an arbitrary displaced path (variation of the
variables). Therefore, we have to choose between options 1 or 2 mentioned
above.
In the latter, both the tetrad and the gauge field are varied along the
displacement paths generated by the homogeneous Lorentz transformation of
the tangent spaces and lead to the following classical field equation for LGT
[30,31]
DνFµνij = −4piG
(
DjTµi −DiTµj
)
, (91)
where Tµi is the energy-momentum tensor, and G is a constant that results
from the absorption of the Lagrange multiplier of the constraint (the tetrad
postulate) into the field equations. The coefficients are selected, such that G is
equal to Newton’s constant. Therefore, unlike in geometrodynamic approaches
to quantum gravity, Newton’s constant is not the fundamental coupling con-
stant of the theory and does not affect the renormalizability of QLGT.
It should be noted that the negative sign in this equation is absent in the
two references above. The sign was originally chosen to be the same as in the
gauge theories of the standard model where the unitarity condition requires
Title Suppressed Due to Excessive Length 25
it. The discussions in section 3.2 indicate that the sign of the gauge field
Lagrangian of QLGT does not affect its unitarity.
If the tetrad postulate is valid, we can multiply equation above by eiαe
j
β
to write it in the following convenient form
∇νRµναβ = −4piG (∇βTµα −∇αTµβ) . (92)
It is crucial to note that the validity of this equation is conditional upon the
validity of the tetrad postulate, which does not hold at the quantum level.
Also, we would like to emphasize that this equation is not a higher derivative
theory since, in LGT, the connections and not the metric are the dynamical
fields.
To show the relationship between LGT and GR, we multiply both sides
of the equation above by gµα and use the conservation law of the energy-
momentum tensor to write
∇νRνβ = −4piG∇βTµµ , (93)
where Rνβ is the Ricci tensor. This equation is equal to the divergence of the
Einstein equation in general relativity and shows the reason for the sign of the
Lagrangian of the Lorentz gauge field.
4.1 A plane wave analysis: helicity 2 space-time wave
In geometrodynamic approaches to gravity, the observed space-time fluctu-
ations [20] are explained via the existence of mass-less gravitons just as the
electromagnetic waves are explained via the existence of photons. In our frame-
work, however, the Lorentz gauge field does not represent a physical particle.
As a result, the framework has no candidate elementary particle for gravi-
tation. Nevertheless, in this section, we show that the unobservable Lorentz
gauge field drives helicity two waves of space-time that travel with the speed of
light. We will show that LGT predicts the same propagating modes of space-
time wave as in GR. The analogous plane wave analysis for GR can be found
in [25].
We start with the assumption that the space-time fluctuations are small
and expand the tetrad as
eiµ = ηiµ + hiµ, (94)
where h 1. Substituting this into Eqs. 1 and 13, the metric and the Christof-
fel symbols read
gµν = ηµν + 2h(µν),
Γλµν = η
λσ
(
∂µh(σν) + ∂νh(σµ) − ∂σh(µν)
)
, (95)
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where h(µν) ≡ 12 (hµν + hνµ), and hµν ≡ δiµhiν . Substituting the tetrad, the
metric, and the Christoffel symbols into the classical tetrad postulate in Eq. 31,
we can rewrite it as
∂µhiν − δσi
(
∂µh(σν) + ∂νh(σµ) − ∂σh(µν)
)− g〈A〉iνµ = 0, (96)
where Aiνµ ≡ δjνAijµ. We replace the fields of this equation by the following
Fourier transformations
hiµ =
∫
d4p
(2pi)4
e−ip·xΣiµ(p), (97)
〈A〉ijµ =
∫
d4p
(2pi)4
e−ip·xεijµ(p). (98)
After multiplying by eik·x and integrating on the position space, the classical
tetrad postulate equation reads
ikµΣ[νi] + ikνΣ(iµ) − ikiΣ(µν) = gεiνµ, (99)
where the brackets around the indices indicate anti-symmetrization, and both
Σ and ε are functions of the same momentum k.
The linear form of field equation 91 in the Lorentz gauge and in the absence
of matter reads [30]
∂2〈A〉ijµ = 0, (100)
∂µ〈A〉ijµ = 0. (101)
Substituting Eq. 98 into these two equations indicates that
k2 = 0,
kµεijµ = 0. (102)
Without loss of generality, we assume that the spatial component of the mo-
mentum vector is in the z-direction. This choice and the two conditions above
leads to the following two equations
kµ = (k, 0, 0, k), (103)
εij0 = −εij3. (104)
The first equation implies that the wave is mass-less and travels with the speed
of light.
So far we have fixed the Lorentz gauge using Eq. 101, we also fix the space-
time coordinate in the following. Under an infinitesimal change of coordinates,
we have
x
′µ → xµ + ξµ,
h′iµ → hiµ − ∂µξi,
Γ
′λ
µν → Γλµν − ∂µ∂νξλ,
〈A〉′ijµ → 〈A〉ijµ, (105)
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where ξ, h, and 〈A〉 are all taken to be very smaller than unity, and ξ is arbi-
trary. We use the four arbitrary parameters of the coordinate transformation
such that gµνΓλµν = 0, or equivalently
2kµΣ(µσ) = kση
µνΣµν . (106)
Inserting the components of the momentum vector, the equation implies that
Σ22 = −Σ11,
Σ(01) = −Σ(13),
Σ(03) = −1
2
(Σ00 +Σ33) ,
Σ(02) = −Σ(23). (107)
Finally, equations 99, 103, and 107 indicate that
ε013 = −ε010, ε023 = −ε020, ε033 = −ε030,
ε123 = −ε120, ε133 = −ε130, ε233 = −ε230,
ε121 = ε122 = ε031 = ε032 = 0,
ε012 = ε021, ε131 = ε011, ε232 = ε022,
ε132 = ε021 = ε231,
Σ32 =
i
k
ε233, Σ01 =
i
k
ε010,
Σ02 =
i
k
ε020, Σ11 =
i
k
ε011,
Σ22 =
i
k
ε022, Σ12 =
i
k
(ε021 + ε120) ,
Σ21 =
i
k
(ε021 − ε120) , Σ30 +Σ33 = i
k
ε033,
Σ03 +Σ00 =
i
k
ε030, Σ31 =
i
k
ε133. (108)
It is interesting to note that the first two lines of equations above are in
agreement with Eq. 104.
At this point, we can make a conclusion. When the expectation value of
the Lorentz gauge field is different from zero, space-time fluctuations are in-
evitable. This means that even when space-time has no dynamics of its own,
the dynamics of the tangent spaces will drive classical space-time waves.
4.1.1 The physical modes
The physical modes of space-time fluctuations cannot be eliminated if we wish
to make a second coordinate or homogeneous Lorentz transformation, which
in the momentum space are
Σ′iµ → Σiµ − ikµξi(k),
ε′ijµ → εijµ + ikµωij(k), (109)
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where the four components of ξ and the six components of ω are arbitrary.
Since kµ = (k, 0, 0, k), any of the components of Σiµ and εijµ with µ equal to
0 or 3 can be eliminated by an appropriate choice of the free parameters. This
means that in Eq. 108, the physical components of space-time fluctuations are
Σ11 =
i
k
ε011,
Σ22 =
i
k
ε022,
Σ12 +Σ21 =
2i
k
ε021. (110)
Note that these are the symmetrized components of the tetrad equivalent to
three of the components of the metric. It is interesting to note that these are
the physical components of the gravitational wave in GR.
A final point to be mentioned is that the linearized Eq. 108 is to the first
order of perturbation invariant under both of the symmetry transformations
of LGT. This is very important, since, for example, Σ31 is not a physical
mode because it is equal to ik 133, and an appropriate transformation can
remove the latter. This conclusion was not possible if equality was lost after
the transformation.
4.1.2 The helicity of physical modes of space-time fluctuations
Equation 107 indicates that two of the physical modes of the space-time fluc-
tuations are dependent. Therefore, only g11 and g12 are independent physical
modes of the metric. We define the following two fields in terms of the two
physical components of the metric
Σ± ≡ Σ11 ∓ iΣ(12). (111)
By performing a rotation around the direction of the motion of the wave by
an angle θ, we can show that
Σ′± → e±2iθΣ±, (112)
which means that the physical modes of the metric have helicity two.
4.2 A few exact solutions of LGT
In the following, we mention five space-time metrics and discuss the necessary
conditions for them to be exact solutions of LGT. Calculations are all carried
out using computer packages, and the corresponding scripts are available in
[56].
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The de Sitter space-time: The metric of the de Sitter space is
ds2 = −dt2 + eHt∣∣dx∣∣2, (113)
where H is constant. After substituting this metric into Eq. 92, we observe
that the source term needs to be zero for the metric to be a solution. On
the other hand, the source term is zero, even in the presence of the vacuum
energy [59]. Therefore, unlike in GR, we not only need no dark energy to
explain an accelerating expansion of the universe but also the prediction of the
standard model of particle physics for the magnitude of the vacuum energy is
not contradictory anymore.
The early universe solution: The so called radiation dominated universe in
GR− Λ− CDM model has the following form
ds2 = −dt2 + b · t∣∣dx∣∣2, (114)
where b is constant. We have substituted this metric into Eq. 92 and have
shown that this is an exact solution with zero source term. Moreover, the
source term is zero, even in the presence of radiation [59]. This means that,
unlike in GR, the early universe solution in LGT stays stable even if other
light particles exist or if the neutrinos are not hot.
The matter dominated universe: The metric in the matter dominated universe
reads
ds2 = −dt2 + b · t 43 ∣∣dx∣∣2. (115)
The needed energy-momentum tensor for this solution is the same in both
LGT and GR. This metric would not be an acceptable solution of LGT if the
sign of the Lagrangian of the Lorentz gauge field were as in [59] and opposite
of the choice in this paper.
The Schwarzschild solution in vacuum: The metric for this space-time is
ds2 = −
(
1− 2GM
r
)
dt2 +
(
1− 2GM
r
)−1
dr2 + r2dΩ2, (116)
which is an exact solution in both GR and LGT with zero energy-momentum
tensor. This solution is previously discussed in [30].
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The Schwarzschild solution inside a star: The metric for a spherically sym-
metric solution inside an incompressible star reads
ds2 = −
(
3
2
√
1− 2GM
R
− 1
2
√
1− 2GM
R3
r2
)2
dt2
+
1
1− 2GMR3 r2
dr2 + r2dΩ2. (117)
In both GR and LGT, this is an exact solution with the same energy-momentum
tensor that reads Tµν = (−ρ, p, p, p), where ρ is constant and
p = ρ
( √
1− 2GMR −
√
1− 2GMR3 r2√
1− 2GMR3 r2 − 3
√
1− 2GMR
)
. (118)
This solution is only valid for this paper’s choice of the sign of the gauge field
Lagrangian. This is discussed in [31].
The Kerr metric: The Kerr space-time is crucial for describing some astro-
physical observations [60], and its line element reads
ds2 = −
(
1− 2GMr
r2 + a2 cos2 θ
)
dt2 − 4GMar sin
2 θ
r2 + a2 cos2 θ
dtdφ
+
r2 + a2 cos2 θ
r2 − 2GMr + a2 dr
2 +
(
r2 + a2 cos2 θ
)
dθ2
+
( (
a4 + a2r2
)
cos2 θ + 2GMra2 sin2 θ + a2r2 + r4
)
× sin
2 θ
r2 + a2 cos2 θ
dφ2. (119)
This also is an exact solution of both LGT [61] and GR with zero energy-
momentum tensor.
At the end of this section, we would like to mention that the classical
solutions of the field equations of PGT have been studied in several places.
See [62,63,64] and the references therein for an incomplete list. However, LGT
field equations are different from PGT field equations in a few aspects. First,
the Lagrangian of LGT is only one of the terms in PGT Lagrangian. Second,
due to the complexities of the non-holonomic constraint, the source terms in
the field equations are quite different.
5 Conclusion
We have presented QLGT, a quantum Yang-Mills theory of gravity based on
the homogeneous Lorentz group of the physical observers in the tangent spaces
of a torsion free pseudo-Riemannian manifold. Therefore, the dynamics of the
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theory is defined on space-time but distinct from it. In the macroscopic world,
the dynamics of the tangent spaces is coupled to space-time through the tetrad
postulate as a non-holonomic constraint. Therefore, unlike the conventional
Poincare gauge theory approaches, the space-time metric does not participate
in any Poisson bracket in the classical regimes. This allows us to postulate,
without contradicting the quantum principles, that space-time has no quantum
nature at all, even in the highest possible energies. Therefore, the nature of
time in QLGT is the same as in quantum physics. This alleviates the long-
stood problem of time.
We have derived the Feynman rules of QLGT and calculated one-loop dia-
grams. We have shown that QLGT is renormalizable to the first loop approxi-
mation. The unitarity of the theory has been studied. We have shown that the
probabilities are conserved in QLGT. These are non-trivial results since the
homogeneous Lorentz group is non-compact, and its internal six-dimensional
metric is not positive-definite. The difference between our Yang-Mills theory
and a typical Yang-Mills theory of the homogeneous Lorentz group is that
we are utilizing the group of physical observers. Consequently, our Lorentz
gauge fields do not represent elementary particles. Therefore, no particle with
negative kinetic energy is predicted in our scenario.
The classical field equations of LGT have been presented as well. Using a
plane wave analysis, we have shown that the dynamics of non-physical Lorentz
gauge fields in the tangent spaces are transferred to space-time using the equa-
tion of tetrad postulate. As a result, while gravity is associated with no ele-
mentary particle, space-time waves are generated by the fluctuations of an
unobservable gravitational field that lives on space-time. We have shown that
the physical modes of space-time wave in LGT are the same as the physical
modes of space-time wave in GR, and their helicities are equal to two.
Also, we have shown that the classical field equations of LGT possess the
Schwarzschild solutions in the vacuum and inside the stars, the Kerr solution,
the De Sitter solution, and the matter-dominated and the early universe space-
time solutions in their exact forms.
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